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Abstract: The spare parts allocation is of primary importance for modern complex 
industrial and defense systems due to strong impact on the system performance and 
significant amount of resources invested in procurement and management of the inventory 
each year. These systems almost always involve complex operational aspects which 
require the use of the Monte Carlo (MC) method in order to model and analyze them. 
However, while the MC method enables realistic and reliable models analysis, it may not 
be sufficient for performing spare parts allocation optimization since it requires a 
substantial computer effort. A new and novel approach to this problem is presented in this 
paper. It is based on a new theorem, referred to as the “logistic optimization theorem", and 
a hybrid MC/analytical approach and enables the construction of a new algorithm for a 
rigorous and practical optimization mechanism. The new method, which is explained in 
details, is verified and validated using a worked out example with a detailed comparison 
to the results achieved by other commonly used optimization methods. 

Keywords: Spare parts allocation, optimization, system modeling, Monte Carlo method, 

waiting time approximation 

1. Introduction 

For many industrial and defense organizations, systems availability is one of the 
major concerns and spares provisioning plays an important role to ensure the desired 
availability. As the availability is almost always an increasing function of spare parts it is 
possible to achieve higher availability by allocating more spares. This, however, means 
more spares provisioning and holding costs, storage space, etc. Therefore, for large multi-
component systems like aircrafts or industrial production plants, the decision of how many 

spares to keep in each store, is a matter of great significance with substantial impact on the 
system life cycle cost [1]. A considerable effort was done in the past to address the 
problem of determining the optimal spare parts allocation using classical optimization 
methods like gradient methods, dynamic, integer, mixed integer and non-linear 
programming [1-4]. Other methods define and utilize various “METRIC” models and their 
extensions based on the concept of the expected backorder (EBO) [5-9]. Unfortunately, 
such techniques typically entail the use of simplified models involving numerous analytic 
approximations of the system performance, while modern complex industrial and military 
systems and systems with significant safety and performance implications require a 

realistic model. Such models involve complex logical relations between components, 
aging and interactions which require the use of the Monte Carlo method [15-17].  These 
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models can hardly be put in an explicit analytic form and this poses a serious limitation on 
the applicability of the above optimization methods.  

Although the Monte Carlo method enables realistic and reliable models analysis, it 
may not be suitable for performing optimization, since in order to find the optimal spare 
allocation a single Monte Carlo simulation should be performed for each of the potential 
allocation alternatives, which form a huge search space even in simple cases. This search 
space forces one to resort to a method capable of finding a near-optimal solution by 
efficiently spanning the search space and thus other works propose coupling the Monte 
Carlo method with various meta-heuristic optimization techniques, mainly Genetic 
Algorithms (GA) [10-12] and Simulated Annealing (SA). In GA a search is performed in 

which in each generation "better" species are observed and kept, in SA a similar search is 
performed, yet new points are generated often close to current best points [18-21]. These 
methods can be useful in medium scale applications to obtain “near optimum” solutions at 
reasonable computational effort. However the coupled approach is not feasible for large 
scale applications because it can require a large number of Monte Carlo simulations. To 
overcome the above difficulty a hybrid Monte Carlo optimization method with analytic 
interpolation was proposed by some of the authors [13-15]. This method significantly 
reduces the required number of Monte Carlo calculations by using an analytic 

approximation for the surface of performance as function of spare parts allocation. The 
parameters involved in this function are “learned” from the Monte Carlo calculation and 
are controlled and updated using a small number of MC calculations along the 
optimization procedure. The main drawback of the hybrid method is that it utilizes greedy 
heuristic technique and thus provides optimal solutions only if the performance function is 
convex on its domain.  

In this paper we present a new and novel approach to the problem. It is based on a 
new theorem, referred to as the "logistic optimization theorem" that enables the 
construction of a new algorithm for a rigorous and practical optimization mechanism. 

While the new approach is based on the certain principles of the hybrid Monte Carlo 
optimization method it does suffers from the same drawbacks and guarantees the 
optimality of the solution.  

The paper is organized as follows: In Section 2, the definition of the problem is 
discussed and formalized. In Section 3, we present the new theorem of logistic 
optimization and its coupling with the hybrid approximation (Monte Carlo method is 
considered a rather well known methodology, thus we omit its description in this paper, 
for details see [16]). In Section 4, a worked out example is presented to validate the new 

method and compare it to other methods. 

Notation (in the sequence of their appearance) 

q  resource vector 

ijq  number of resources of type i stored at location j 

ic  cost of the resource i 

( )C q  total cost of all resources 

( )f q  
average system performance: availability or production as function of 
the allocated resources (averaged over a given time interval) 

0F  threshold value of system performance – the optimization target 

n
 

number of component types 
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,r iT , ,w iT  nominal repair time of type i, waiting time for spare component of 
type i 

,d iT  average system’s downtime "contributed" by components of type i 

is  sensitivity of components of type i 

U  average unavailability of the system 

iU  partial unavailability contributed by components of type i 

,i iMTTF MTTR  Mean Time To [Failure/Repair] of components of type i 

iTc  
cycling time of components of type i (the time elapsing from the 
moment a unit is sent for repair until it reappears in the storage) 

iλ  demand rate for components of type i 

( )
iq iD X  cumulative distribution function of Gamma distribution 

1. Logistic Optimization Problem Formulation 

The logistic envelope is a set of resources and support functions that maintain the 
system’s and support its operation. This involves in general, spare parts storages for 
replacement of failed components, repair teams, repair facilities, diagnostic equipment etc. 
Consider a simple logistic structure which contains two "fields", say, A and B. Each field 

contains a number of identical systems and a local storage of spare parts (O-Level). Upon 
a failure of a component it is removed and shipped to the Global Depot (D-Level) for 
repair. At the same time a search is conducted in the local storage for a spare to replace the 
failed unit, and a request is made from the depot to which the unit was sent for repair. At 
the D-Level depot the unit is either repaired or discarded. If it is repaired – it is stored in 
the shared Global Depot storage; if it is discarded – a new unit is ordered from the vendor. 
Under these conditions one may ask what is the optimal spare parts allocation, i.e. how 
many spare parts of each type of components should be placed in each storage. Many 
variations of this logistic structure can be found, it is however a basic structure often 

encountered in the industry or defense logistics. 
 The optimization problem can be formulated as follows: find a set of resources (spare 

parts) optq such that the following two conditions are met: 

 ( ) 0optf q F≥  and (1) 

 ( ) ( ) ( ) 0:optC q C q q f q F≤ ∀ ≥  (2) 

Where the cost of all the resources is expressed as: 

 ( )
1 1

m n

ij ij i
C q q c

= =
=∑ ∑  (3) 

Thus we seek a set of resources that will guarantee that the system performance exceeds a 

threshold value 0F  at the smallest possible cost of all resources. 

In this paper we limit the discussion to the optimization of spare parts under the above 
criteria and in a logistic environment that contains a single field and a single higher level 
depot. Other variations of the problem involving multiple fields and echelons and other 
criteria will be discussed at the end. 
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2. The Logistic Optimization Theorem 

Since we limit our discussion to the optimization of spare parts for a single field and a 
single higher level depot, the total cost of resources vector q  is given by:   

 ( )
1

n

i i
i

C q c q
=

=∑  (4) 

And the optimization criterion is again represented in the form of two conditions: 

 ( ) 0optf q F=  (5) 

That is, the performance of the system is required to yield a given threshold level and if we 

denote by Γ  the surface of all vectors that fulfill equation 5, i.e. ( ) 0q f q F∈ Γ ⇔ =  

then the second optimization condition takes the form: 

 ( ) ( )optC q C q q≤ ∀ ∈ Γ  (6) 

Consider a vector q on the surface. Let dq  represent an infinitesimal increment to the 

vector on the surface hence the vector q dq+  is also on the surface and ( ) 0f q dq F+ =  

thus: 

 ( ) ( ) ( ) 0df q f q dq f q= + − =   or (7) 

 ( ) ( )
1

/ 0
n

i i
i

df q f q q dq
=

= ∂ ∂ ⋅ =∑  (8) 

Yielding:   

 ( ) ( )
( )

( )

1

1 1

1

/
/ /

/

n

n i i
i

n n i i ni
n

f q q dq
f q q dq f q q dq dq

f q q

−

− =

=

∂ ∂ ⋅
∂ ∂ ⋅ = − ∂ ∂ ⋅ ⇒ = −

∂ ∂

∑
∑  (9) 

Consider now the first order derivative of the cost function: 

 ( )
( )

( )

1

1 1 1

1 1

/

/

n

n n n i ii
i i n n i ii i

n

c f q q dq
dC q c dq c dq c dq

f q q

−

− − =

= =

∂ ∂ ⋅
= + = −

∂ ∂

∑
∑ ∑  (10) 

At the optimal point the function ( )C q has a minimum hence the first derivative is zero or: 

 ( )
( )
( )

1

1

/
0

/

n i
i n ii

n

f q q
dC q c c dq

f q q

−

=

 ∂ ∂
= − =  ∂ ∂ 
∑  (11) 

This can be achieved if and only if the coefficients of the decrements idq  are zeros, 

therefore: 

 
( )
( ) ( ) ( )

/
0

/ / /

i i n
i n

n i n

f q q c c
c c

f q q f q q f q q

∂ ∂
− = ⇒ =

∂ ∂ ∂ ∂ ∂ ∂
 (12) 

Hence an optimal point (this is, of course, a necessary condition) is obtained if: 

( )( )
1

/ .i ic f q q constβ
−

∂ ∂ = =

 

Thus, at the optimal point the ratio of the resources cost to 

the derivative of the performance function is a constant for all the resources. 
The coupling of equation 12 with Monte Carlo models requires a representation of 

system performance as function of the operation rules and the spare parts allocation, thus it 
is essential to have an analytic approximation for the dependence of the availability (or 
production) as function of the model parameters. Yet, in looking for such approximation a 
few principles must be noted: 



      A Note on Spare Parts and Logistic Optimization with Monte Carlo based System Models      409 

 

 

i. Since the system performance is a problem dependent complex function that requires 
a MC model, there is no known way to represent it in a general provable analytic 

form. Thus the expression has to be a semi heuristic form that captures the main 
impact of adding spares of each type on system performance. 

ii. The only effect a limited number of spares has on the components is in increasing the 
waiting time for a spare, hence increasing the total repair time of type i in the form of 

, ,r i w iT T+ . The lack of performance (unavailability, or loss of production) is a 

decreasing function of the waiting time, thus adding spares decreases the waiting time 
and increases performance. 

iii. The expression must be simple enough to allow optimization through search methods 
such as marginal analysis etc. 

iv. Another important point to note is that we assume that the optimum is not a sharp 
"hole" such that adding or removing a single spare may lead critically off the 
optimum. It is in fact a rather wide “valley” where a large number of spares 
allocations yield similar results. This is a conclusion drawn from many optimization 
studies done on realistic industrial problems [13,14,25-29]. We, therefore, seeking the 
semi-heuristic function to lead into a result within that range. 

The first task is to present the system’s performance in terms of the contribution of the 
separate types of components and it is done using a sensitivity concept. We define the 

sensitivity of a component type as an additional measure of importance in causing system 
downtime. The sensitivity is calculated within the MC simulation by considering at each 
system failure the component types responsible for that failure. A component is considered 
"responsible" if it fulfils two conditions: it is failed and its ad-hoc repair repairs the 
system. The down time of the system upon this failure is assigned to all the types found 
responsible for the failure (the minimal cut-set that caused the failure) and accumulated 
during the simulation. It is to be noted that this is an approximation of a single component 
importance. One can also study ad-hoc repair of pairs, triplets etc. but this will lead to 2n 
importance's and components groups. The counter of each type contains, thus, the sum of 

the system downtime "contributed" by that type in each history and then averaged over 
many histories to yield the estimation of system downtime "contributed" by each type. The 
sensitivity is defined as the ratio of the average downtime associate with this type to the 
total downtime, namely: 

 , ,1
/

n

i d i d jj
s T T

=
= ∑  (13) 

With this classification we see that ,1

n

d jj
T

=∑ is representative of the total downtime of the 

system (not exact of course and would be exact only if all failures are caused by a single 

type at a time) and ,d iT  is a measure of the contribution of each type to that downtime 

time. We define the partial unavailability contributed by type i as i iU U s= ⋅ . Obviously 

this value is normalized, since 
1

n

ii
U U

=
=∑ , thus the system’s unavailability is presented 

as a sum of the partial type unavailability’s.  
To introduce a semi heuristic dependence on the waiting time one would think first on 

a linear dependence. Furthermore, the steady state unavailability is given as: 

, ,( ) / ( )i i w i i i w iU MTTR T MTTF MTTR T= + + + , assuming that ,i i w iMTTF MTTR T>> + , 

the steady state unavailability is approximately a linear function of the waiting time. This 
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yields the following approximation for the system unavailability which is also referred to 

as the T-wait (Tw) approximation: 

 ( ) ( ) ( ),1 1

n n

i i i w i i ii i
U q U q AT q B

= =
= = +∑ ∑  (14) 

where the average waiting time for a spare ( ),w i iT q  is given by [16]: 

 ( ) ( ) ( )1
, , 1i iw i i c i q i i i q iT q T D X q X D X

−
+

 = −   (15) 

where ,i i c iX Tλ= . Expression 15 is obtained under the assumption of a constant flow of 

demands for spare and an exponential distribution of the time between consecutive 

demands. iA  and iB  are constants referred to as the bulk parameters of the problem. 

Although iA  depends on the spare parts allocation of other component types, we assume 

that it is a slow changing function over a range of spare parts, thus can be assumed as a 
constant for range of spares, and being updated as spares are added after each Monte Carlo 
calculations. 

The optimization process starts with two Monte Carlo calculations, one with zero 
spares and one with a sufficient amount of spares, then the partial unavailability's are 
calculated for each component type and this yields the set of bulk parameters using 
equation 14 to derive two linear equations with two unknowns. Expression 14 can then be 
inserted into equation 12 yielding: 

 ( )( )
1

, /opt opt
i i w i i ic A dT q dqβ

−

=  (16) 

Setting the value of β  we can easily numerically determine the number of spares that 

yield that value for each type of component and hence obtain the optimum storage for the 
resulting availability. This process can easily be repeated for as many values of β  as 

desired and hence obtain the optimal allocation for a range of availabilities. 
The optimization procedure based on equation 12 and the Tw approximation is 

referred to as the "General Logistic Optimization of resources by Waiting time" and is 
abbreviated as GLOW in the following sections. In the above mentioned Hybrid 
optimization method [13-15] expression 12 is used but the search for optimum is 
performed using marginal analysis (greedy heuristics), namely, looking at every step for 

the highest contributing spare part. This method, although proven to be of practical value 
suffers from the fact that an optimum is guaranteed only if the performance is a convex 
additive function of spare parts. The GLOW method which is based on equations 12 and 
14 has no such limitations. Furthermore, the marginal analysis method requires that the Tw 
approximation be updated to fit the performance at every step of adding spares in the 
marginal process. This still may result in a large number of MC calculations for updating 
the bulk parameters. The GLOW process requires a fit of these functions only in the area 
close to the optimal range (as only the local values of the derivatives are compared) hence 

it is expected that a smaller number of MC calculations will be required. 
While the above theorem in its current form is new, the general idea is not. In fact, 

one can derive equation 12 using the concept of Lagrange multipliers. The idea of using 
Lagrange multipliers to solve constrained optimization problems of resource allocation 
was described in the literature [5,22-24]. While the general value of the method and its 
applicability was discussed [22,24] and some specific examples were worked out, a 
general algorithm, especially in the range of spare parts, logistic resources and Monte 
Carlo modeling was not developed and never presented before. 
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3. Numerical Example 

In this section we attempt to achieve two goals, first to demonstrate how the GLOW 
method is utilized and then to validate its operation and results. The problem was chosen 
such that the objective function can be evaluated analytically and the exact optimum can 
be found using exhaustive search. In addition the performance of all the above mentioned 
optimization methods is compared in this case. Another important point discussed in here, 
is the Tw approximation. It is clear that if the Tw approximation yields a correct assessment 
of the objective function in the resources space then the GLOW method will yield a 
reliable optimum. Thus we devote attention to a comparison of the Tw approximation to 
actual Monte Carlo calculations to demonstrate its applicability. 

The system considered is a typical series-parallel k-out-of-n system which is 
composed of 11 components of five different types. The data related to the component 
types is shown in Table 1. 

Table 1: Component Types Data 

Type k n MTTF [hrs] Tc [hrs] Cost [$] 

1 1 1 12000 740 4000 
2 1 1 9600 2400 900 
3 1 2 14500 740 12000 
4 2 3 21300 4300 1670 
5 3 4 17320 326 320 

The second and the third columns contain the data regarding the number of 
components within the system, n, and the minimal number of components required to be 
operational, k. The forth column is the MTTF of each type (assuming an exponential 
distribution for failure). The fifth column is the cycling time and the last column is the cost 
of each spare. The logistic scenario is such that 8 systems are operating in a single field 
and supported by a single local storage. Upon failure of a component it is sent for repair to 
a remote depot. At the same time, a search for the spare part is conducted in the local 

storage. If the spare is found it is taken and used to repair the system, if not, the repair is 
held until a spare is available. Upon the repair of a component it is returned to the storage 
and serves as a spare part. In this example we assume immediate replacement, thus, the 
lower bound of the unavailability is zero. The optimization target was taken to be an 
average unavailability of less than 0.29% over a deployment period of 5000 hours. 

A simple “sufficiency” [15] calculation performed on this system reveals that the 
“maximum” number of spares required for each type is: [4,7,6,10,6] for types 1 to 5 
respectively. The analytic solution is derived using a Markov model approach [16] which 
enables to obtain the system availability for each possible allocation of spares (the 

exhaustive search would require 21,560 calculations). Amongst all the values of the 
unavailability, the optimum would be the one yielding an unavailability of less than 0.29% 
with the minimal cost. The result obtained is a storage of [3,5,0,5,0] at a cost of $24,850 
with average unavailability of 0.275%. This is an exact result to which all other results can 
be compared. 

In applying the GLOW method, for this example, we concentrate on the performance 
of the Tw approximation as this approximation is critical for the coupling of the method 
with a Monte Carlo model. Hence although an analytic expression is available it was not 

used and instead a set of Monte Carlo calculations and the Tw approximation was used.  
For the GLOW method a good approximation of the performance function is required only 
in the vicinity of the optimal point. This in contrary to the Hybrid optimization method in 
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which this approximation is required at every step. Hence we start by finding a starting 

point for the GLOW. This is done by looking at the Hybrid optimization process and 
finding an "optimal point" for an average availability of 1%. This process is shown in 
Figure 1. The points in the figure are numbered from 1 through 9, and below each point 
the type number of the spare added is denoted (the first point contains no spares at all). 
The perfect matching obtained in the 7th point, [1,4,0,1,0], and ahead is a result of a 

recalculation done at this point and an update of the bulk parameters{ },i iA B . The starting 

point for the GLOW process is set to be with the spares allocation [2,4,0,2,0] (point 9). 
For this stock a third MC calculation was executed and the bulk parameters were updated. 
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Figure 1: The Waiting Time Approximation in the Marginal Process of finding a Starting Point 

 
At this point we compare the Tw approximation with actual results of a MC calculation. In 
Figure 2, 14 points are presented. The starting point is [2,4,0,2,0] and each consecutive 
point is incremented by ∆=[0.1,0.1,0.05,0.2,0.05] such that the last point is 
[3.3,5.3,0.65,4.6,0.65]. The unavailability at the last point is 0.19% (MC) and 0.16% (Tw 
approximation). Hence it covers the optimal unavailability limit of 0.29%. 
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Figure 2: Comparison of the Tw Approximation and MC Calculations in the Optimal Range 

 
The correspondence between the results is very good indicating that the Tw approximation 
does portray the correct behavior of the system. The statistical errors in the MC 
calculations are in the range of 2%. 
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Using the Tw approximation the values of ( )i iqβ  (eq.12) were obtained and the 

results are shown in Figure 3. The solution of the optimization problem is also displayed 
graphically in the above figure. We look for the value 4.00E+06 of β  and see that it is at 

[2.73,5.91,0,4.8,0] (types 3 and 5 yield zero as the line starts above the required value of 

β ). The cost of spares is $24,357 and the unavailability is 0.279%. This result is very 

close to the analytic exact (integer) optimization [3,5,0,5,0] at a cost of $24,850 with a 
slightly lower cost as expected since with the GLOW we allow fractional number of 
spares. 
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Figure 3: Graphical Representation of the Optimization Procedure 

 
It is to be noted that although fractional number of spare parts seems 

counterintuitive, it does have a meaning in case one considers a large number of 
independent identical fields. In this case the fractional part can be interpreted as the 
probability to have one additional spare. The optimization was also performed using 
Hybrid and METRIC methods and by coupling MC model with different heuristic 

methods (GA, SA) and the results are summarized in Table 2. 

Table 2: Optimization Results with Different Methods 

Calculated Optimal Number of 
Spares for Type Method 

T1 T2 T3 T4 T5 

Total 
Cost [$] 

MC 
derived 
Unavail. 

No. of MC 
calculations 

Analytical 3 5 0 5 0 24850 0.28% None 

Hybrid 3 6 0 5 0 25750 0.24% 15 

GLOW 2.753 5.91 0 4.8 0 24357 0.28% 5 

METRIC 3 7 1 8 0 43660 0.09% None 

GA+MC 3 7 0 5 2 27290 0.23% 5000 

SA+MC 3 6 0 5 1 26070 0.24% 70 

 
A few points are worth noticing about these results. First, the results of the METRIC 

method seem to be seriously off and there is a good reason for that. In the METRIC 
method the availability is calculated using the “steady state” expressions, thus it does not 
account for the time dependant behavior of the availability which is of importance as we 
deal with the first 5000 hours of operation. The time dependant availability calculated for 
the analytic optimum shows that the average unavailability over 5000 hours is 0.139%, yet 
the steady state unavailability is 0.818%, hence the METRIC method strongly 
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overestimates the unavailability and results in an overestimate of the required spares. Both 

the GA and SA coupled with MC model yield near optimal results yet the number of 
required MC calculations is prohibitively large, this hints on the problem that arises in 
using these algorithm for more complex and time consuming problems. 

4. Conclusions and Future Work 

A new method for spare parts optimization is suggested. The method is based on a 
new theorem and may be a conclusive and satisfactory solution for spare parts 
optimization in complex realistic Monte Carlo based system models. The process involved 
in applying the method was discussed and the method was validated by a detailed 

comparison with a number of methods commonly used. A validation against a case where 
the optimal solution can be exactly and analytically calculated is shown. The new method 
has a number of advantages. Firstly, unlike all existing heuristic methods in which, while 
at each step we improve the result, there is no way to prove that the final spare allocation 
is indeed optimal – in the new method, as it is based on a rigorous theorem an optimum is 
guaranteed without any specific requirements of convexity. The method is also practical as 
it requires a small number of Monte Carlo calculations which is a key consideration in 
Monte Carlo based optimization processes. 

Still, the method depends on the accuracy of the waiting time approximation for the 

analytic dependence of the target performance function on the spare parts and possibly 
other logistics parameters. Effort will be directed in the future to improve this 
approximation, although the method is secured in the sense that it is impossible to reach 
wrong conclusions because eventually a Monte Carlo calculation is confirming the actual 
system’s performance. 

It is quite obvious that the method can be rather easily extended to wider logistic 
problems including Multi-Echelon and Multi-Indenture logistic scenarios, repair teams, 
equipment and workbenches, as well as preventive maintenance. This is the case when the 

interaction of the logistic environment with the system is expressed through the waiting 
time for spare. Thus extending expression 15 for the Tw to include additional parameters 
will enhance the application of the GLOW method to extended scenarios. Hence one may 
envision that the method could provide a full automated optimization of a complete 
logistic environment.  
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